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EQUIVARIANT CR MINIMAL IMMERSIONS FROM S3
INTO CPn
ZEJUN HU, JIABIN YIN AND ZHENQI LI
Abstract. The equivariant CR minimal immersions from the round 3-sphere
S3 into the complex projective space CPn have been classified by the third
author explicitly (J London Math Soc 68: 223-240, 2003). In this paper, by
employing the equivariant condition which implies that the induced metric is
left-invariant, and that all geometric properties of S3 = SU(2) endowed with
a left-invariant metric can be expressed in terms of the structure constants
of the Lie algebra su(2), we establish an extended classification theorem for
equivariant CR minimal immersions from the 3-sphere S3 into CPn without
the assumption of constant sectional curvatures.
1. Introduction
Let CPn denote the n-dimensional complex projective space with almost complex
structure J and constant holomorphic sectional curvature 4. It is known that there
are considerable researches for the submanifolds of CPn, e.g. we would mention
the study of its holomorphic, or (parallel) Lagrangian submanifolds in [4, 5, 19, 20,
21, 22], among a great many others. In particular, the interesting and important
article of Bolton-Jensen-Rigoli-Woodward [2], which, by drawing upon Wolfson’s
notion of a harmonic sequence and also exhibiting a number of prominent features of
the related foundational work of Boruvka, Calabi, Chern, Eells, Wood and Lawson
(see references as cited therein), had deeply investigated the conformal minimal
immersions of the 2-sphere S2 into CPn with constant curvature and constant
Ka¨hler angle. As a matter of fact, the paper [2] had brought enormous impact for
subsequent research.
To extend the research of [2], and as a counterpart of Mashimo [17] studying
the immersions from S3 into Sn, a variety of immersions of S3 into CPn have been
considered. For related references we refer to [3, 7, 8, 12, 13, 14, 15, 16], among
which the paper of the third author [12] is of fundamental importance for us.
Following [1], an immersed submanifold ϕ :M → CPn is called a CR-submanifold
if TM can be decomposed into an orthogonal direct sum TM = V1 ⊕ V2 such that
JV1 ⊂ T⊥M and JV2 = V2. In this case the immersion ϕ is said to be CR type.
Recall that S3 = {(z, w) ∈ C2|zz¯+ww¯ = 1} can be identified with the Lie group
SU(2) in a standard way. By definition in [12], a mapping ϕ : S3 = SU(2)→ CPn
is said to be equivariant if ϕ is compatible with the structure of Lie group SU(2).
For details see Sect. 3.
Key words and phrases. Complex projective space, equivariant immersion, minimal immersion,
CR type immersion, Berger sphere.
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In [12], among many others, the third author studied equivariant CR minimal S3
immersed in CPn with constant sectional curvature c (Theorem 6.1 in [12]). It was
proved that if such an immersion ϕ : S3 → CPn is linearly full, then n = 2m2 − 3
for some integer m ≥ 2 and c = 1/(m2 − 1). Moreover, up to an isometry of S3
and a holomorphic isometry of CPn, the immersion ϕ is exactly the immersion
defined in Example 4.4 of [12]. In [13], Li and Huang made an interesting advance
by showing that any minimal CR 3-sphere in CPn is actually equivariant if the
induced metric of S3 has constant sectional curvature.
In this paper, following closely [12], we continue with the study of equivariant CR
minimal immersion from S3 into CPn but without the assumption that the induced
metric on S3 has constant sectional curvatures. By employing the equivariant
condition, Proposition 4.2 of [12] which implies that the induced metric is left-
invariant, and that all geometric properties of S3 = SU(2) endowed with a left-
invariant metric can be expressed in terms of the structure constants of the Lie
algebra su(2), we can finally overcome the difficulty brought by the missing of
constant sectional curvatures condition to achieve the goal of a new classification
theorem. Our main results can be summarized as follows:
Theorem 1.1. Let ϕ : S3 → CPn (n ≥ 2) be a linearly full equivariant CR minimal
immersion with induced metric ds2. Then, up to an inner automorphism of SU(2)
and a holomorphic isometry of CPn, the immersion ϕ can be expressed as as one
of the following three immersions:
(1) n = 2, and (S3, ds2) is not a Berger sphere with
ϕ(z, w) = [cos π8 (z
2,
√
2zw,w2) +
√−1 sin π8 (w¯2,−
√
2z¯w¯, z¯2)].
(2) n ≥ 2, and (S3, ds2) is a Berger sphere with
ϕ(z, w) =
[
cos t
k∑
α=0
√
Ckαz
k−αwαεα +
√−1 sin t
ℓ∑
α′=0
√
Cℓα′z
ℓ−α′wα
′
ε′α′
]
,
where t ∈ (0, π/2) is determined by, for nonnegative integer k, ℓ satisfying
k− ℓ > 0 and k+ ℓ+1 = n, tan2 t = 2k/[3(k− ℓ)+√(k + ℓ)2 + 8(k − ℓ)2],
and {ε0, . . . , εk, ε′0, . . . , ε′ℓ} is the natural basis of Cn+1 = Ck+1 ⊕ Cℓ+1.
In particular, if tan2 t = k/(2k − ℓ + 4), (S3, ds2) has constant sectional
curvature c = 1/(m2 − 1) for some integer m = (k − ℓ)/2 ≥ 2.
This paper is organized as follows. In Sect. 2, we consider the left-invariant
metric ds2 on S3 = SU(2) with Lie algebra su(2) and recall that the connection
and curvature of ds2 can be expressed precisely by the structure constants of su(2).
In particular, in terms of the structure constants, we state the criterion of ds2 being
a Berger metric (Proposition 2.2) and the criterion for a left-invariant metric ds2
on S3 to have constant sectional curvatures c (Proposition 2.3). In Sect. 3, we
introduce basic formulae for equivariant CR immersion (Lemma 3.1) and derive
the classical Gauss-Weingarten formulae and Gauss-Codazzi equations. In Sect. 4,
a roughly classification for all equivariant CR minimal immersions is proved. It
turns out that there are only three possibilities of such immersions: a non-Berger
sphere and n = 2; a Berger sphere with ∇⊥ξ0 = 0 for each n ≥ 2; Berger spheres
with ∇⊥ξ0 6= 0 for each n ≥ 3 (see Theorem 4.1). Here ξ0 = J(ϕ∗(X1)) is a normal
vector and X1 is an unitary vector field that spans W1. Then in Sect. 5, it is shown
that all these possibilities do occur and their explicitly expressions in polynomial
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are presented (Propositions 5.1 and 5.2). Finally in Sect. 6, we demonstrate the
uniqueness for such immersions (Theorems 6.1 and 6.2).
Acknowledgements. The authors are greatly indebted to the referee for his/her
very helpful suggestions and valuable comments.
2. The Lie group S3 and its canonical structures
In this section, we shall review some fundamental results of S3 which are given
in [12] and will be needed in later sections. For completeness, we also give several
new results which are of independent meaning.
2.1. The standard metric of S3.
Let S3 = {(z, w) ∈ C2|zz¯ + ww¯ = 1}. It is identified with SU(2) by
id : S3 → SU(2) : (z, w) 7→
(
z −w¯
w z¯
)
. (2.1)
Denote by su(2) and su(2)∗ the Lie algebra consisting of all left-invariant vector
fields and the vector space of all left-invariant 1-forms on S3, respectively. The
collection of left-invariant 1-forms {ω′1, ω′2, ω′3}, defined by(
iω′1 −ω′2 + iω′3
ω′2 + iω
′
3 −iω′1
)
=
(
z¯ w¯
−w z
)(
dz −dw¯
dw dz¯
)
, (2.2)
forms a global frame of T ∗S3. Here, and throughout this paper, we adopt the usual
notation i =
√−1. Exterior differentiation of (2.2) leads to the equations
dω′1 = 2ω
′
2 ∧ ω′3, dω′2 = 2ω′3 ∧ ω′1, dω′3 = 2ω′1 ∧ ω′2. (2.3)
From (2.2) we get 
ω′1 = − i2 (z¯dz + w¯dw − zdz¯ − wdw¯),
ω′2 = − 12 (wdz − zdw + w¯dz¯ − z¯dw¯),
ω′3 =
i
2 (wdz − zdw − w¯dz¯ + z¯dw¯).
(2.4)
Thus the dual frame {X ′1, X ′2, X ′3} of {ω′1, ω′2, ω′3} is given by
X ′1(z, w) = i(z, w), X
′
2(z, w) = (−w¯, z¯), X ′3(z, w) = i(−w¯, z¯). (2.5)
The standard metric on S3 is defined by ds20 =
∑
i ω
′
i ⊗ ω′i, which is bi-invariant
and has constant sectional curvature 1. Choose an orientation of S3 such that
ω′1 ∧ ω′2 ∧ ω′3 = ∗1, where ∗1 is the volume element with respect to ds20. An
orthonormal frame {ω˜′1, ω˜′2, ω˜′3} of T ∗S3 is called oriented frame if ω˜′1∧ω˜′2∧ω˜′3 = ∗1.
If otherwise, ω˜′1 ∧ ω˜′2 ∧ ω˜′3 = − ∗ 1, it is called the oppositive oriented frame.
With respect to ds20, the Hodge star operator ∗ : su(2)∗ → su(2)∗ ∧ su(2)∗ is
a linear isomorphism, which maps the basis {ω′1, ω′2, ω′3} of su(2)∗ into a basis
{ω′2 ∧ ω′3, ω′3 ∧ ω′1, ω′1 ∧ ω′2} of su(2)∗ ∧ su(2)∗. Thus, by (2.3), d = 2∗ and it is also
a linear isomorphism.
The following lemma can be proved easily.
Lemma 2.1. Suppose {ω˜′1, ω˜′2, ω˜′3} is a basis of su(2)∗. Then it is an oriented frame
of T ∗S3 (related to ds20) if and only if it satisfies (2.3).
The adjoint representation Ad of SU(2) induces an action of the Lie group SU(2)
on su(2)∗ by
Ad∗ : SU(2)× su(2)∗ → su(2)∗ : (̺, θ) 7→ Ad∗̺(θ) = a∗̺θ,
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where a̺ : SU(2) → SU(2) defined by a̺(A) = ̺−1A̺ is an inner automorphism.
Since d ◦ a∗̺ = a∗̺ ◦ d, by virtue of Lemma 2.1, it is easily seen that a∗̺ maps an
oriented frame {ω˜′1, ω˜′2, ω˜′3} into an oriented frame {a∗̺ω˜′1, a∗̺ω˜′2, a∗̺ω˜′3}. Conversely,
one can prove the following lemma.
Lemma 2.2. For any given oriented frame {ω˜′1, ω˜′2, ω˜′3} of T ∗S3, there exists an
element ̺ ∈ SU(2) such that a∗̺ω˜′1 = ω′1, a∗̺ω˜′2 = ω′2 and a∗̺ω˜′3 = ω′3.
Remark 2.1. Lemma 2.2 implies that SU(2) acts transitively on su(2)∗ by Ad∗, and
it also acts transitively on the set of all orientated frame.
2.2. The structure constants of the Lie algebra su(2).
Now, we examine the properties of a general left-invariant metric on S3. Some
results in this subsection expand that of Milnor [18].
From now on, we adopt the convention of range of indices: i, j, k, . . . = 1, 2, 3.
A left-invariant metric on S3 = SU(2) has the form that ds2 =
∑
ωi⊗ωi, where
{ωi} is a basis of su(2)∗. Obviously, {ωi} is a global orthonormal frame of T ∗S3.
Related to {ωi}, the structure equations of ds2 are given by
dωi = −
∑
ωij ∧ ωj , ωij + ωji = 0, (2.6)
dωij = −
∑
ωik ∧ ωkj +Ωij , (2.7)
where ωij and Ωij are the connection forms and curvature forms, respectively.
Let {Xi} be the dual frame of {ωi} defined on S3. Denote by ∇ the Levi-Civita
connection of ds2. Then we have
∇XkXi = −
∑
ωij(Xk)Xj , ∇Xkωi = −
∑
ωij(Xk)ωj . (2.8)
Let {ckij} be the structure constants of su(2) with respect to the basis {X1, X2, X3},
i.e., [Xi, Xj ] =
∑
ckijXk. It is clear that c
k
ij = −ckji.
Using the Koszul formula one gets
ωij =
1
2
∑
(ckij − cijk + cjik)ωk. (2.9)
Equivalently, the above relations can be written exactly as
ω12 = c
1
12ω1 + c
2
12ω2 + (c
3
12 + a)ω3,
ω23 = (c
1
23 + a)ω1 + c
2
23ω2 + c
3
23ω3,
ω31 = c
1
31ω1 + (c
2
31 + a)ω2 + c
3
31ω3,
(2.10)
where
a = − 12 (c123 + c231 + c312). (2.11)
Hence, ωij ∈ su(2)∗, and therefore, by (2.7), Ωij ∈ su(2)∗ ∧ su(2)∗ and it is also
left-invariant. Substituting (2.9) into (2.6), we can write
dωi = − 12
∑
cijkωj ∧ ωk = −
∑
j<k
cijkωj ∧ ωk, (2.12)
i.e., 
−dω1 = c123ω2 ∧ ω3 + c131ω3 ∧ ω1 + c112ω1 ∧ ω2,
−dω2 = c223ω2 ∧ ω3 + c231ω3 ∧ ω1 + c212ω1 ∧ ω2,
−dω3 = c323ω2 ∧ ω3 + c331ω3 ∧ ω1 + c312ω1 ∧ ω2.
(2.13)
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Since d : su(2)∗ → su(2)∗ ∧ su(2)∗ is an isomorphism, the coefficients matrix on
the right hand of (2.13):
C =
c123 c131 c112c223 c231 c212
c323 c
3
31 c
3
12
 (2.14)
is non-degenerate, namely detC 6= 0.
It is obvious that the matrix C depends on the frame {ωi}. Assume {ω˜i} is
another orthonormal basis of su(2)∗, then a similar relations as (2.13) holds with
corresponding matrix C˜. Now, we derive the relationship between C and C˜.
Take an orientation for S3. The volume element of ds2 is still denoted by ∗1.
With respect to ds2, the Hodge star operator ∗ : su(2)∗ → su(2)∗ ∧ su(2)∗ is also a
linear isomorphism. Let ω1 ∧ ω2 ∧ ω3 = ε ∗ 1, ε = ±1. Then, by (2.13),
(dω1, dω2, dω3) = −ε(∗ω1, ∗ω2, ∗ω3)C.
Similarly, if {ω˜i} is another orthonormal frame with ω˜1 ∧ ω˜2 ∧ ω˜3 = ε˜ ∗ 1, then
(dω˜1, dω˜2, dω˜3) = −ε˜(∗ω˜1, ∗ω˜2, ∗ω˜3)C˜.
Noting that there exists T ∈ O(3) such that (ω˜1, ω˜2, ω˜3) = (ω1, ω2, ω3)T , then
by the linearity of d and ∗ we have
−ε˜(∗ω1, ∗ω2, ∗ω3)T C˜ = −ε˜(∗ω˜1, ∗ω˜2, ∗ω˜3)C˜ = −ε(∗ω1, ∗ω2, ∗ω3)CT.
It follows that
C˜ = ε˜ε T−1CT = ε˜ε T tCT. (2.15)
We will call an orthonormal frame {ωi} a normalized frame if it corresponds to
a diagnalized matrix C = diag (c123, c
2
31, c
3
12).
Before ending this subsection, we summarize the useful results in the following
proposition.
Proposition 2.1. (i) The matrix C in (2.14) is symmetric. Consequently,
c221 + c
3
31 = 0, c
1
12 + c
3
32 = 0, c
1
13 + c
2
23 = 0. (2.16)
(ii) There is always a normalized frame {ωi} for ds2.
(iii) The scalar a = − 12 traceC defined by (2.11) is an orientation invariant.
Moreover, a2 is an intrinsic invariant of ds2.
(iv) If {ωi} is a normalized frame, then cijkckij > 0 for distinct i, j, k.
Proof. (i). Since ω1 ∧ ω2 ∈ su(2)∗ ∧ su(2)∗ and that d : su(2)∗ → su(2)∗ ∧ su(2)∗ is
an isomorphism, we have d(ω1 ∧ω2) = 0 and dω1 ∧ω2 = ω1 ∧dω2. Then, by (2.13),
−c131ω1 ∧ ω2 ∧ ω3 = dω1 ∧ ω2 = ω1 ∧ dω2 = −c223ω1 ∧ ω2 ∧ ω3.
Thus, c131 = c
2
23. Similarly, we have c
1
12 = c
3
23 and c
2
12 = c
3
31. Hence (2.16) follows.
From (2.15) and (i), and according to the theory of linear algebra, we obtain
immediately (ii) and (iii).
(iv). Let {ω′i} be an oriented frame of the standard metric ds20. Since both {ωi}
and {ω′i} are basis of su(2)∗, there is a matrix A = (aij) ∈ GL(3,R) such that
(ω1, ω2, ω3) = (ω
′
1, ω
′
2, ω
′
3)A. Then ω1 ∧ ω2 ∧ ω3 = (detA)ω′1 ∧ ω′2 ∧ ω′3 and, by
Lemma 2.1, it holds that
dω1 = 2a11ω
′
2 ∧ ω′3 + 2a21ω′3 ∧ ω′1 + 2a31ω′1 ∧ ω′2.
On the other hand, by assumption, dω1 = −c123ω2 ∧ ω3, thus
−c123ω1 ∧ ω2 ∧ ω3 = ω1 ∧ dω1 = 2(a211 + a221 + a231)ω′1 ∧ ω′2 ∧ ω′3.
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This implies that c123 detA < 0. Similarly, we get c
2
31 detA < 0 and c
3
12 detA < 0.
Then the assertion immediately follows. 
2.3. The Berger metric on S3.
First we state the following definition of Berger sphere (cf. [9, 23])
Definiton 2.1. Let {ω′i} be an oriented frame of S3 with respect to ds20, and b, c
are two positive real numbers. Then, the left-invariant metric defined by
ds2 = 1c (b
2ω′21 + ω
′2
2 + ω
′2
3 ) (2.17)
is called a Berger metric. The 3-sphere S3 equipped with a Berger metric is called
a Berger sphere.
Remark 2.2. In [9, 23], a Berger metric is defined essentially in the form (2.17)
with the frame {ω′i} being defined by (2.2). Thus, according to Lemma 2.2, up to
an inner automorphism a̺ : SU(2)→ SU(2), the above definition of Berger sphere
should be the same as that in [9, 23]. Note that b and c are two parameters in a
Berger metric ds2, and its sectional curvatures are constant if and only if b = 1.
Take ω′1 ∧ ω′2 ∧ ω′3 as the orientation of S3. Then, for the metric (2.17),
{ω1 = b√cω′1, ω2 = 1√cω′2, ω3 = 1√cω′3}
is an orthonormal oriented frame. Using Lemma 2.1 we get
dω1 = 2b
√
cω2 ∧ ω3, dω2 = 2b
√
cω3 ∧ ω1, dω3 = 2b
√
cω1 ∧ ω2. (2.18)
Conversely, we have the following criterion for Berger sphere.
Proposition 2.2. A left-invariant metric ds2 on S3 is a Berger metric if and only
if there exists an orthonormal frame {ωi} and constants c1, c2 ∈ R such that
dω1 = 2c1ω2 ∧ ω3, dω2 = 2c2ω3 ∧ ω1, dω3 = 2c2ω1 ∧ ω2. (2.19)
Proof. The “only if” part is trivially from (2.18). To prove the “if” part, we first
note by replacing ω1 with −ω1 if necessary we may assume c1 > 0. Then the item
(iv) of Proposition 2.1 implies that c2 > 0. Let c = c1c2, b =
√
c1/c2. Then
c1 = b
√
c, c2 =
√
c/b, and (2.19) becomes (2.18). Put ω′1 = (
√
c/b)ω1, ω
′
2 =
√
cω2,
ω′3 =
√
cω3, then {ω′i} is a basis of su(2)∗ which satisfies (2.3). According to Lemma
2.1, {ω′i} is an oriented frame with respect to ds20. Thus the metric ds2 =
∑
ω2i
assumes the form (2.17). 
2.4. The curvature of left-invariant metrics on S3.
As continuation of the previous subsections, we now compute the curvatures
of the left-invariant metric ds2. As the main result, we give the necessary and
sufficient conditions under which ds2 is of constant sectional curvatures.
From (2.7), (2.9) and (2.12) we have
Ωij = − 14
∑
[(clik + c
i
lk + c
k
il)(c
m
jk + c
k
jm + c
j
mk) + (c
k
ij + c
i
kj + c
j
ik)c
k
lm]ωl ∧ ωm.
Let Rijlm denote the components of the Riemannian curvature tensor of ds
2,
thus Ωij =
1
2
∑
Rijlmωl ∧ ωm and Rijlm = −Rijml. We use notation i, j,m 6= to
indicate i, j,m are distinct indices. Since i, j, l,m ∈ {1, 2, 3}, if Rijlm 6= 0 then l
has to be i or j, and i, j,m 6=. Making use (2.11) and (2.16), we obtain{
Rijim = c
j
ij(c
m
ij − cijm + cjmi)− 2ciijciim,
Rijij = a
2 + (ciim)
2 − (ciij)2 − (cjij)2 − (cmij )2 − cijmcjmi,
i, j,m 6= . (2.20)
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In particular, if {ωi} is a normalized frame, then
Rijim = 0, Rijij = a
2 − (cmij )2 − cijmcjmi, i, j,m 6= . (2.21)
The following result, which is of independent meaning, establishes a criterion in
terms of the structure constants for the left-invariant metric ds2 to have constant
sectional curvatures c.
Proposition 2.3. A left-invariant metric ds2 has constant curvature c if and only if
for any orthonormal frame {ωi}, the corresponding structure constants {ckij} satisfy
ciij = 0, c
i
jm = c
j
mi = c
m
ij = ±2
√
c, i, j,m 6= . (2.22)
Proof. First of all, if a metric on S3 has constant sectional curvature c, then by
Cartan-Hadamard theorem we have c > 0.
The “if” part is a direct consequence of (2.20), (2.22) and (2.11).
To prove the “only if” part, by virtue of Proposition 2.1, we can first choose a
normalized frame {ω˜i} and denote by {c˜kij} the corresponding structure constants.
Then by (2.21) we have
(c˜mij )
2 + c˜jmic˜
i
jm = (c˜
j
mi)
2 + c˜ijmc˜
m
ij = (c˜
i
jm)
2 + c˜mij c˜
j
mi = a
2 − c, i, j,m 6=. (2.23)
If c˜jmi, c˜
m
ij , c˜
i
jm are mutually distinct, then by (2.23) c˜
j
mi = c˜
m
ij = c˜
i
jm = 0, a
contradiction. So, without loss of generality, we may assume that c˜jmi = c˜
m
ij . By
(2.23) again we have c˜jmi = c˜
m
ij = c˜
i
jm = ±2
√
c. Thus, C˜ = ±2√cI with I denoting
the unit matrix. Finally, let {ωi} be an arbitrary orthonormal frame, then by (2.15)
we have C = εT C˜T−1 = ±2ε√cI with ε = ±1. The assertion is verified. 
Remark 2.3. Proposition 2.3 implies that a left-invariant metric on S3 is homothetic
to the round one if and only if C is proportional to the identity. Similarly, as
indicated by Proposition 2.2, a left-invariant nonconstant sectional curvature metric
on S3 is a Berger metric if and only if the matrix C has exactly two nonzero distinct
eigenvalues.
3. Equivariant CR immersions from S3 into CPn
In general, an equivariant map ϕ : G1/H1 → G2/H2 is such a map which is
compatible with the Lie group structures of G1 and G2 (cf. [12]). In particular,
for S3 = SU(2)/SU(1) and CPn = U(n+ 1)/[U(1)× U(n)], a map ϕ : S3 → CPn
is equivariant if there exist a Lie group homomorphism E : SU(2) → U(n+ 1)
and a holomorphic isometry A : CPn → CPn such that ϕ = A ◦ π1 ◦ E, where
π1 : U(n+ 1)→ CPn is the natural projection (cf. Definition 4.1 in [12]).
Following [1], a submanifold M →֒ CPn is called a CR-submanifold if there is an
orthogonal direct sum decomposition TM = V1 ⊕ V2 such that JV1 ⊂ T⊥M and
JV2 = V2. In particular, if V2 = {0} (resp. V1 = {0}), then M is called a totally
real (resp. complex) submanifold.
From now on, we will use the following range convention of indices:
A,B, . . . = 1, . . . , n; i, j, . . . = 1, 2, 3; α, β, . . . = 3, . . . , n.
In sequel of this section, we will present the fundamental structure equations
and several geometric conclusions for immersions from S3 into CPn under the
equivariant and CR type conditions. This particularly includes Theorem 3.1, which
states that an equivariant CR immersion ϕ : S3 → CPn can not be totally geodesic.
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3.1. Basic formula for equivariant CR immersion ϕ : S3 → CPn.
Let π : S2n+1 → CPn : v 7→ π(v) = [v] be the Hopf fibration. We suppose
ϕ : S3 → CPn is an equivariant immersion. According to Proposition 4.2 of [12],
there exists a global unitary frame {e0, eA} of the trivial bundle Cn+1 = S3×Cn+1
such that ϕ = [e0] and de0 = iρ0e0 +
∑
θA eA,
deA = −θ¯Ae0 +
∑
θABeB, θAB + θ¯BA = 0,
(3.1)
where ρ0 ∈ su(2)∗, θA, θAB ∈ su(2)∗⊗C. Hence, the induced metric ds2 =
∑
θAθ¯A
via ϕ is left-invariant. Take an orthonormal frame {ωi}, which is a basis of su(2)∗,
for T ∗S3. We can write θA =
∑
aAiωi, where aAi ∈ C are all constant. Then∑
ωi ⊗ ωi = ds2 =
∑
aAia¯Ajωiωj =
1
2
∑
(aAia¯Aj + a¯AiaAj)ωi ⊗ ωj . (3.2)
Let Ω be the Ka¨hler form of CPn, then we have
ϕ∗Ω = 1
2
√−1
∑
θA ∧ θ¯A = −
√−1
2
∑
aAia¯Ajωi ∧ ωj = −
∑
Jijωi ⊗ ωj , (3.3)
where
Jij =
√−1
2
∑
(aAia¯Aj − a¯AiaAj) = −Jji ∈ R (3.4)
are also constant. The above equation together with (3.2) gives∑
aAia¯Aj = δij −
√−1Jij . (3.5)
The tensor −ϕ∗Ω determines a well defined bundle endomorphism
F =
∑
Jijωi ⊗Xj : TS3 → TS3,
where {Xi} is the dual frame of {ωi}. Since Jij ’s are constant, the rank of F
should be 0 or 2. If F = 0, then the submanifold ϕ(S3) is totally real (or called
weakly Lagrangian [10]). If F 6= 0, the tangent bundle TS3 can be decomposed into
orthogonal direct sum TS3 = V1 ⊕ V2 with V1 = kerF . By re-choosing the frame
we may assume X1 ∈ V1. Then
FX1 = 0, FX2 = J23X3, FX3 = −J23X2. (3.6)
Denote by g the standard Fubini-Study metric of CPn with constant holomorphic
sectional curvature 4. From
J23 = ds
2(FX2, X3) = −ϕ∗Ω(X2, X3) = g(Jϕ∗(X2), ϕ∗(X3)),
we see that |J23| ≤ 1. If |J23| = 1, then ϕ(S3) is a CR-submanifold and ϕ is said
to be of CR type. In fact, FXi is just the tangent component of Jϕ∗(Xi) if we
identify TS3 with ϕ∗(TS3).
Denote χ := arccosJ23 the angle function. ϕ(S
3) is a totally real submanifold
(resp. CR-submanifold) if and only if χ = π/2 (resp. χ = 0 or π). Therefore, the
angle function χ is an analogue of the Ka¨hler angle of an immersed surface in CPn.
From now on, we assume that the immersion ϕ is of CR type. The following
lemma gives basic formulae which in sequel will be used from time to time.
Lemma 3.1. Let ϕ : S3 → CPn be an equivariant CR immersion with induced
metric ds2. Then there exist an orthonormal frame {ωi} of T ∗S3 and a unitary
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frame {e0, e1, e2, eα} of Cn+1 such that ϕ = [e0], and
de0 = iρ0e0 + ω1e1 + ωe2,
de1 = −ω1e0 + iρ1e1 + θ12e2 +
∑
θ1αeα,
de2 = −ω¯e0 − θ¯12e1 + iρ2e2 +
∑
θ2αeα,
deα = −θ¯1αe1 − θ¯2αe2 +
∑
θαβeβ, θαβ + θ¯βα = 0,
(3.7)
where ω = ω2 + iω3, ρ0, ρ1, ρ2 ∈ su(2)∗, θ12, θ1α, θ2α, θαβ ∈ su(2)∗ ⊗ C.
Proof. By assumption J23 = ±1 in (3.6). This ensures us to choose a left-invariant
orthonormal frame {Xi} of TS3, by replacing X2 with −X2 if necessary, such that
FX1 = 0, FX2 = X3, FX3 = −X2. (3.8)
On the other hand, as in (3.1) there exists a unitary fame {e0, e′A} of Cn+1 such
that ϕ = [e0] and
de0 = iρ0e0 +
∑
θAe
′
A, de
′
A = −θ¯Ae0 +
∑
θ′ABe
′
B, (3.9)
where ρ0 ∈ su(2)∗, θA, θ′AB ∈ su(2)∗ ⊗ C.
Let {ωi} be the dual frame of {Xi}. We can write θA =
∑
aAiωi. Then (3.5)
holds true with J12 = J13 = 0, J23 = 1. The first equation of (3.9) becomes
de0 = iρ0e0 + ω1f1 + ω2f2 + ω3f3, (3.10)
where fi =
∑
aAie
′
A.
Denote by 〈·, ·〉 the canonical symmetric scalar product of Cn+1. From (3.5) and
(3.8) we get
|f1| = |f2| = |f3| = 1, 〈f1, f¯2〉 = 〈f1, f¯3〉 = 0, 〈f2, f¯3〉 = −i.
This leads to |f2 + if3|2 = 0 and therefore f3 = if2. Thus, by (3.10),
de0 = iρ0e0 + ω1e1 + ωe2, (3.11)
where ω = ω2 + iω3 and
e1 = f1 =
∑
aA1e
′
A, e2 = f2 =
∑
aA2e
′
A. (3.12)
By (3.5) and (3.8), we see that v1 = (a11, . . . , an1) and v2 = (a12, . . . , an2)
are two orthogonal unit vectors of Cn. Expand {v1, v2} to be a unitary basis
{v1, v2, v3, . . . , vn} of Cn such that vα = (v1α, . . . , vnα), α = 3, . . . , n. Put
e3 =
∑
vA3e
′
A, . . . , en =
∑
vAne
′
A. (3.13)
Then {e0, eA} forms a unitary frame of Cn+1. According to (3.11), the structure
equations of the frame {e0, e1, e2, eα} take the form of (3.7). From (3.9), (3.12) and
(3.13), we know that θAB = 〈deA, e¯B〉 ∈ su(2)∗ ⊗ C since θ′AB ∈ su(2)∗ ⊗ C. 
3.2. Invariants of equivariant CR immersion.
Hereafter, {Xi} is assumed the orthonormal frame satisfying (3.8) and {ωi} is
its dual frame. Set Z = 12 (X2 − iX3) and ω = ω2 + iω3. Then {X1, Z, Z¯} and
{ω1, ω, ω¯} give a new pair of dual frames. Obviously,
X2 = Z + Z¯, X3 = i(Z − Z¯). (3.14)
From (2.8), with respect to {X1, Z, Z¯} and {ω1, ω, ω¯}, we have
∇X1 = −(σZ + σ¯Z¯), ∇Z = 12 σ¯X1 − iω23Z, (3.15)
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where σ = ω12 + iω13, and by (2.10),
ω23 = (c
1
23 + a)ω1 − i2 µ¯ω + i2µω¯, σ = µω1 + i2c123ω − τω¯, (3.16)
where
µ = c112 + ic
1
13, τ = c
2
21 +
i
2 (c
2
31 − c312). (3.17)
Then, by (3.15) and (3.16), we have
∇X1X1 = −(µZ + µ¯Z¯), ∇Z¯X1 = τZ + i2c123Z¯. (3.18)
The structure equation (2.6), (2.7) can be rewritten as{
dω1 = − 12 [µ¯ω1 ∧ ω + µω1 ∧ ω¯ + ic123ω ∧ ω¯],
dω = i2 (c
1
23 + 2a)ω1 ∧ ω + τω1 ∧ ω¯ + 12µω ∧ ω¯,
(3.19)
dω23 =
i
2σ ∧ σ¯ +Ω23, dσ = −iσ ∧ ω23 +Ω12 + iΩ13. (3.20)
With respect to {ω1, ω, ω¯}, the curvature forms can be expressed as
Ωij =
1
2 [(Rij12 − iRij13)ω1 ∧ ω + (Rij12 + iRij13)ω1 ∧ ω¯ + iRij23ω ∧ ω¯].
It follows that
Ω23 =
1
2 [(R2312 − iR2313)ω1 ∧ ω + (R2312 + iR2313)ω1 ∧ ω¯ + iR2323ω ∧ ω¯], (3.21)
Ω12 + iΩ13 =
1
2 [(R1212 +R1313)ω1 ∧ ω + (R1212 −R1313 + 2iR1213)ω1 ∧ ω¯
+ (iR1223 −R1323)ω ∧ ω¯].
(3.22)
For any orthonormal frame {X˜i} with FX˜1 = 0 and FX˜2 = X˜3 we must have
X˜1 = (detT )X1, X˜2 = cos tX2 − sin tX3, X˜3 = sin tX2 + cos tX3,
where t is a real number, and T is the transition matrix from {Xi} to {X˜i}. If we
set Z ′ = 12 (X˜2 − iX˜3), then the above frame transformation can be written as
X˜1 = εX1, Z
′ = e−itZ, Z¯ ′ = eitZ¯ (3.23)
where ε = detT .
Now we prove the following proposition.
Proposition 3.1. Let ϕ : S3 → CPn be an equivariant CR immersion with induced
metric ds2. Then we have:
(i) c112 = c
1
13 = 0 if and only if ∇X1X1 = 0, that is, the integral curve of X1 is a
geodesic of (S3, ds2);
(ii) c112 = c
1
13 = c
2
21 = 0 and c
2
31 = c
3
12 if and only if (S
3, ds2) is a Berger sphere;
(iii) Under the frame transformation (3.23), the structure constants |c112 + ic113|,
|c123| and |c221 + i2 (c231 − c312)| are all invariant.
Proof. The assertion (i) is from the first equation of (3.18). The assertion (ii) is a
direct consequence of Proposition 2.2, (3.17) and (3.19). Finally, we obtain from
(3.18) that
c123 = −4ids2(∇Z¯X1, Z), µ = −2ds2(∇X1X1, Z¯), τ = 2ds2(∇Z¯X1, Z¯).
The assertion (iii) follows from the above computation of c123, µ and τ . 
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3.3. The Gauss-Weingarten formulae.
Let C˜n+1 = CPn ×Cn+1 be the trivial bundle, L the canonical line bundle over
CPn. Denote by L⊥ (resp. L¯) the orthogonal complement (resp. the complex
conjugate) of L in C˜n+1. The trivial connection d of C˜n+1 induces the standard
connection on both L and L⊥. This produces the connection on L¯ and hence on
L¯⊗ L⊥.
To clarify the above let us take a local unitary frame {e0, eA} of C˜n+1 with
e0 ∈ L. For simplicity, we will denote by the same notation ∇ the connections on
different vector bundles. Let us write
de0 = iρ0e0 +
∑
θAeA, deA = −θ¯Ae0 +
∑
θABeB.
Then by definition
∇e0 = iρ0e0, ∇eA =
∑
θABeB.
Thus ∇e¯0 = −iρ0e¯0, and consequently,
∇(e¯0 ⊗ eA) =
∑
(θAB − iδABρ0)(e¯0 ⊗ eB). (3.24)
If we identify TCPn ∼=R T (1,0)CPn with L¯⊗L⊥, then the connection on L¯⊗L⊥
is exactly the Levi-Civita connection on TCPn. With respect to the unitary frame
{e¯0 ⊗ eA} of L¯⊗ L⊥, {θAB − iδABρ0} are the connection 1-forms.
For an immersion ϕ : S3 → CPn, the pullback bundle of C˜n+1 via ϕ will be
denoted also by Cn+1, whereas those of L, L¯ and L⊥ via ϕ will still be denoted by
the same notations, respectively. Using Lemma 3.1 we have a global unitary frame
{e0, eA} of Cn+1 with ϕ = [e0] such that (3.7) holds. Then the differential (tangent
map) of ϕ, namely that
dϕ : TS3 → TCPn ∼=R T (1,0)CPn = L¯⊗ L⊥,
is given by dϕ = ω1(e¯0 ⊗ e1) + ω(e¯0 ⊗ e2), or equivalently,
ϕ∗X1 = e¯0 ⊗ e1, ϕ∗X2 = e¯0 ⊗ e2, ϕ∗X3 = ie¯0 ⊗ e2. (3.25)
Then, the tangent bundle and normal bundle of ϕ(S3) are given, respectively, by
ϕ∗(TS3) = spanR{e¯0 ⊗ e1, e¯0 ⊗ e2, ie¯0 ⊗ e2} ⊂ ϕ−1TCPn,
T⊥S3 = spanR{ie¯0 ⊗ e1, e¯0 ⊗ eα, ie¯0 ⊗ eα} ⊂ ϕ−1TCPn.
(3.26)
Denote by ∇¯ the connection on the pullback bundle ϕ−1TCPn. From (3.24) and
(3.25), together with (3.7), we see that
∇¯(ϕ∗X1) = i(ρ1 − ρ0)(e¯0 ⊗ e1) + θ12(e¯0 ⊗ e2) +
∑
θ1β(e¯0 ⊗ eβ),
∇¯(ϕ∗X2) = −θ¯12(e¯0 ⊗ e1) + i(ρ2 − ρ0)(e¯0 ⊗ e2) +
∑
θ2β(e¯0 ⊗ eβ),
∇¯(ϕ∗X3) = −iθ¯12(e¯0 ⊗ e1)− (ρ2 − ρ0)(e¯0 ⊗ e2) + i
∑
θ2β(e¯0 ⊗ eβ).
(3.27)
Denote by B the second fundamental form of ϕ. Then the Gauss formula
∇¯Xj (ϕ∗Xi) = ϕ∗(∇XjXi) +B(Xi, Xj)
implies that the tangential component of the right hand side of (3.27) is ϕ∗(∇Xj).
From (3.15) and (3.25), we get
θ12(e¯0 ⊗ e2) = ϕ∗(∇X1) = −σ(e¯0 ⊗ e2).
It follows that
θ12 = −σ = −(ω12 + iω13). (3.28)
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Similarly, the above fact, together with (3.25) and ∇X2 = ω12X1−ω23X3, gives
i(ρ2 − ρ0)(e¯0 ⊗ e2) = ϕ∗(∇X2 − ω12X1) = −iω23(e¯0 ⊗ e2).
Thus we get
ρ0 − ρ2 = ω23. (3.29)
Note that the second fundamental form can be expressed by
B =
∑
[∇¯(ϕ∗Xi)− ϕ∗(∇Xi)]⊗ ωi.
By using (3.27) and (3.28), we have
B = [(ρ1 − ρ0)⊗ ω1 − ω13 ⊗ ω2 + ω12 ⊗ ω3](i e¯0 ⊗ e1)
+
∑
(θ1α ⊗ ω1 + θ2α ⊗ ω)(e¯0 ⊗ eα).
(3.30)
Since, by (3.16), σ = ω12 + iω13 6= 0, and that detC 6= 0 implies that {c1ij} can
not be all zero, it follows that B 6= 0. Hence we have
Theorem 3.1. An equivariant CR immersion ϕ : S3 → CPn can not be totally
geodesic.
From (3.26) we see that the set of normal vector fields:
{ξ0 := ie¯0 ⊗ e1 = J(ϕ∗X1), ξα := e¯0 ⊗ eα, Jξα = ie¯0 ⊗ eα} (3.31)
defines an orthonormal frame of T⊥S3. Moreover, by (3.24), we have
∇¯ξ0 = (ρ0 − ρ1)(e¯0 ⊗ e1) + iθ12(e¯0 ⊗ e2) + i
∑
θ1α(e¯0 ⊗ eα),
∇¯ξα = −θ¯1αe¯0 ⊗ e1 − θ¯2αe¯0 ⊗ e2 +
∑
(θαβ − iδαβρ0)(e¯0 ⊗ eβ).
Then, according to the Weingarten formula
∇¯ξ = −ϕ∗ ◦Aξ +∇⊥ξ, ξ ∈ T⊥S3,
we get
∇⊥ξ0 = i2
∑
(θ1α − θ¯1α)ξα + 12
∑
(θ1α + θ¯1α)Jξα, (3.32)
Aξα =
1
2
∑
(θ1α + θ¯1α)X1 +
1
2
∑
(θ2α + θ¯2α)X2 − i2
∑
(θ2α − θ¯2α)X3,
AJξα = − i2
∑
(θ1α − θ¯1α)X1 + i2
∑
(θ2α − θ¯2α)X2 + 12
∑
(θ2α + θ¯2α)X3.
Put W1 := span{ξ0} and W2 := W⊥1 in T⊥S3. If Aξ = 0 for any ξ ∈ W2, the
submanifold ϕ(S3) is said to be totally geodesic with respect to W2. Then, from the
above calculations, we have the following observations:
Proposition 3.2. (i) ξ0 is parallel in T
⊥S3 (that is ∇⊥ξ0 = 0) if and only if
θ1α = 0. (ii) The submanifold ϕ(S
3) is totally geodesic with respect to W2 if and
only if θ1α = θ2α = 0.
3.4. The Gauss-Codazzi equations.
Exterior differentiation of (3.7), and using (3.28), leads to the following eqs.:
idρ0 = −ω ∧ ω¯ = 2iω2 ∧ ω3, (3.33)
dω1 = i(ρ0 − ρ1) ∧ ω1 − σ¯ ∧ ω, θ1α ∧ ω1 + θ2α ∧ ω = 0, (3.34)
dω = σ ∧ ω1 + i(ρ0 − ρ2) ∧ ω, (3.35)
idρ1 = −σ ∧ σ¯ −
∑
θ1α ∧ θ¯1α, idρ2 = ω ∧ ω¯ + σ ∧ σ¯ −
∑
θ2α ∧ θ¯2α, (3.36)
dσ = ω1 ∧ ω + i(ρ1 − ρ2) ∧ σ +
∑
θ1α ∧ θ¯2α, (3.37)
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∑
θ1β ∧ θβα,
dθ2α = iρ2 ∧ θ2α + σ¯ ∧ θ1α +
∑
θ2β ∧ θβα,
(3.38)
dθαβ = θα1 ∧ θ1β + θα2 ∧ θ2β +
∑
θαγ ∧ θγβ. (3.39)
From (3.30) we see that the symmetry of B is given by (3.34). In fact, by using
(2.6), the first equation of (3.34) means that
(ρ1 − ρ0) ∧ ω1 = i(dω1 + σ¯ ∧ ω) = ω13 ∧ ω2 − ω12 ∧ ω3.
Substituting (2.10) into the above equation, and using (2.16), we get
(ρ1 − ρ0) ∧ ω1 = (c223ω2 + c323ω3) ∧ ω1. (3.40)
The exterior differentiation of (3.29), together with (3.33), (3.36), (3.37) and
(3.20), gives the Gauss equation{
Ω23 = dω23 − i2σ ∧ σ¯ = 2iω ∧ ω¯ + i2σ ∧ σ¯ − i
∑
θ2α ∧ θ¯2α,
Ω12 + iΩ13 = dσ + iσ ∧ ω23 = i(ρ1 − ρ0) ∧ σ + ω1 ∧ ω +
∑
θ1α ∧ θ¯2α.
(3.41)
Similarly, from (3.27), noting that σ = −θ12, we see that (3.37) and (3.38) are
part of the Codazzi equations, whereas the rest one is
d(ρ0 − ρ1) = i(ω ∧ ω¯ − σ ∧ σ¯ −
∑
θ1α ∧ θ¯1α).
4. Equivariant CR minimal immersions from S3 into CPn
The purpose of this section is the proof of Theorem 4.1, which concerns with
a roughly classification of equivariant CR minimal immersions from S3 into CPn.
Recall that a equivariant CR immersion ϕ : S3 → CPn is minimal if and only if
traceB = 0, that is, by (3.30),{
trace [(ρ1 − ρ0)⊗ ω1 − ω13 ⊗ ω2 + ω12 ⊗ ω3] = 0,
trace (θ1α ⊗ ω1 + θ2α ⊗ ω) = 0.
This, by the use of (2.10) and (2.11), is equivalent to
(ρ1 − ρ0)(X1) = ω13(X2)− ω12(X3) = c123, θ1α(X1) + 2θ2α(Z¯) = 0. (4.1)
The above two equations, together with (3.40), (2.10) and the second equation
of (3.34), lead to
ρ1 − ρ0 = c123ω1 + c223ω2 + c323ω3 = ω23 − aω1, (4.2)
θ1α = λαω, θ2α = λαω1 + µαω. (4.3)
where λα, µα ∈ C are constant.
Recall that a submanifold M →֒ CPn is called linearly full if there is no totally
geodesic CP k (k < n) such that M →֒ CP k ⊂ CPn. For such a submanifold the
dimension n is called the full dimension. Henceforth, we assume that ϕ : S3 → CPn
is an equivariant CR minimal immersion with full dimension n.
First of all, as the continuation of Proposition 3.2 (ii), we have
Lemma 4.1. (i) If ϕ : S3 → CPn is an equivariant CR immersion with the full
dimension n and that ϕ(S3) is totally geodesic with respect to W2, then n = 2.
(ii) If ϕ : S3 → CP 2 is an equivariant CR minimal immersion, then the structure
constants {ckij} with respect to an orthonormal basis {X1, X2, X3} and coefficients
forms of equation (3.7) satisfy:
ρ0 =
a
3ω1, ρ1 = (
a
3 + c
1
23)ω1, ρ2 = −(2a3 + c123)ω1, σ = i2c123ω − τω¯, (4.4)
c112 = c
1
13 = 0, ac
1
23 = −6, 4τ τ¯ = 3(c123)2 − 4, τ(3c123 + 2a) = 0. (4.5)
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Proof. (i) If ϕ(S3) is totally geodesic with respect to W2, then, from Proposition
3.2, we have θ1α = θ2α = 0. Since θ12 = −σ, the first three equations in (3.7)
become 
de0 = iρ0e0 + ω1e1 + ωe2,
de1 = −ω1e0 + iρ1e1 − σe2,
de2 = −ω¯e0 + σ¯e1 + iρ2e2.
(4.6)
Then by (3.33) and (3.36) we get d(ρ0+ρ1+ρ2) = 0. It follows by the isomorphism
of d : su(2)∗ → su(2)∗ ∧ su(2)∗ that ρ0+ρ1+ρ2 = 0. Then we get d(e0∧e1∧e2) = 0,
showing that span{e0, e1, e2} is a constant subspace. The fullness condition thus
implies that n = 2.
(ii) In this situation, as above we still have ρ0 + ρ1 + ρ2 = 0. Thus, by (3.29)
and (4.2), it holds
3ρ0 = (ρ0 − ρ2)− (ρ1 − ρ0) = aω1. (4.7)
Taking exterior differentiation of (4.7), together with the use of (3.33) and the
first equation of (3.19), gives
µ = c112 + ic
1
13 = 0, ac
1
23 = −6. (4.8)
Then, by (3.16), we have
ω23 = (c
1
23 + a)ω1, σ =
i
2c
1
23ω − τω¯, σ ∧ σ¯ = 14 [(c123)2 − 4τ τ¯ ]ω ∧ ω¯. (4.9)
Since µ = 0, from (3.17) and (2.16), we see that c223 = c
3
23 = 0. Then, by (4.2),
(3.29) and that ρ0 = (a/3)ω1, we get
ρ1 = ρ0 + c
1
23ω1 = (
a
3 + c
1
23)ω1, ρ2 = ρ0 − ω23 = −(2a3 + c123)ω1. (4.10)
This completes the proof of (4.4).
Next, by (3.19), dω1 = − i2c123ω ∧ ω¯. Then, using ac123 = −6, (4.10), (3.36) and
(4.9), we get
− i2c123(a3 + c123)ω ∧ ω¯ = dρ1 = iσ ∧ σ¯ = i4 [(c123)2 − 4τ τ¯ ]ω ∧ ω¯,
and it follows that 4τ τ¯ = 3(c123)
2 − 4.
Finally, by using (4.4) and (4.9), the second equation of (3.41) becomes
Ω12 + iΩ13 = [1− 12 (c123)2]ω1 ∧ ω − iτc123ω1 ∧ ω¯.
This, if compared it with (3.22), gives
R1212 −R1313 + 2iR1213 = −2iτc123.
On the other hand, using µ = 0 and (2.16), from (2.20) we obtain
R1212 −R1313 + 2iR1213 = (c312 − c231 + 2ic221)(2c123 + 2a) = 2iτ(2c123 + 2a).
Then the last equation of (4.5) follows. 
Corollary 4.1. Let ϕ : S3 → CP 2 be an equivariant CR minimal immersion.
(i) If ϕ(S3) is not a Berger sphere, then there is an orthonormal frame {ωi} such
that, in (4.6), it holds
ρ0 = ω1, ρ1 = −ω1, ρ2 = 0, σ = −iω −
√
2ω¯. (4.11)
(ii) If ϕ(S3) is a Berger sphere, then there is an orthonormal frame {ωi} such
that, in (4.6),
c123 = − 2√3 , c
2
31 = c
3
12 = − 8√3 , ρ0 =
√
3ω1, ρ1 =
1√
3
ω1, σ = − i√3ω. (4.12)
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Proof. (i) By (4.5) it holds c112 = c
1
13 = 0. Then, it follows from Proposition 3.1
that ϕ(S3) is not a Berger sphere if and only if τ = c221+
i
2 (c
2
31−c312) 6= 0. Then, by
the third conclusion of Proposition 3.1, we can take a suitable frame transformation
(3.23) such that c123 < 0 and τ = |τ | > 0. It follows from (4.5) that c123 = −2, a = 3
and τ =
√
2. Substituting these into (4.4) we obtain (4.11).
(ii) By replacing X1 with −X1 if necessary, we may assume that c123 < 0. Then
by (4.5) and τ = 0 we have c123 = −2/
√
3, a = 3
√
3. Put these into (4.4) we get
(4.12). 
The following proposition shows that n = 2 is very exceptional, only in that case
a non-Berger sphere could be admitted.
Proposition 4.1. Any equivariant CR minimal immersion ϕ : S3 → CPn with
n ≥ 3 must be a Berger sphere.
Proof. We consider two cases for n ≥ 3: (a) ∇⊥ξ0 = 0; (b) ∇⊥ξ0 6= 0.
(a) If ∇⊥ξ0 = 0, then according to Proposition 3.2 and Lemma 4.1, we have
λα = 0 and
∑ |µα|2 > 0 in (4.3). By re-choosing eα’s in the frame {e0, e1, e2, eα}
as stated in Lemma 3.1 we may assume that
θ1α = 0, θ23 = µ3ω, θ24 = · · · = θ2n = 0, (4.13)
where µ3 ∈ R is positive. By (3.38) we have σ ∧ ω = 0, and thus by (3.16) it holds
µ = c112 + ic
1
13 = 0 and τ = c
2
21 +
i
2 (c
2
31 − c312) = 0. It follows from Proposition 3.1
(ii) that ϕ(S3) is a Berger sphere.
(b) In this case, Proposition 3.2 implies that
∑ |λα|2 > 0. Then, by re-choosing
eα’s of {e0, e1, e2, eα} we have constants λ3 > 0 and µ4 ≥ 0 such that{
θ13 = λ3ω, θ14 = · · · = θ1n = 0,
θ23 = λ3ω1 + µ3ω, θ24 = µ4ω, θ25 = · · · = θ2n = 0. (4.14)
Using (3.35) and (3.38) we have
λ3σ ∧ ω1 + iλ3(ρ0 − ρ2) ∧ ω = dθ13 = iλ3(ρ1 − ρ3) ∧ ω − σ ∧ (λ3ω1 + µ3ω),
where iρ3 = θ33. Using (3.16) and comparing the coefficient of ω1 ∧ ω¯ on both side
of the above equation, we get τ = c221 +
i
2 (c
2
31 − c312) = 0. Thus c221 = −c331 = 0,
c231 = c
3
12.
It follows by (3.16) and (4.2) that
ω23 = (c
1
23 + a)ω1 − i2 µ¯ω + i2µω¯, σ = µω1 + i2c123ω,
ρ1 − ρ0 = ω23 − aω1 = c123ω1 − i2 µ¯ω + i2µω¯.
Substituting these into the second equation of (3.41) and then comparing the
coefficient of ω1 ∧ ω¯ with that in (3.22), we obtain
R1212 −R1313 + 2iR1213 = µ2 = (c112)2 + (c113)2 + 2ic112c113.
On the other hand, from (2.20), and using (3.17) with the fact τ = 0, we get
R1213 = −2c112c113, R1212 −R1313 = 2(c113)2 − 2(c112)2.
Then, combining with the previous equation, it implies that c112 = c
1
13 = 0.
Thus, as in case (a), ϕ(S3) ⊂ CPn is a Berger sphere. 
The following lemma is also needed in Sect. 6.
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Lemma 4.2. Let ϕ : S3 → CPn be an equivariant CR minimal immersion with
n ≥ 3. Then, there exist positive real numbers b and c, a normalized frame {ωi}
and a unitary frame {e0, eA} of Cn+1 such that ϕ = [e0] and
c123 = −2b
√
c, c231 = c
3
12 = −2
√
c/b, (4.15) de0 =
i
b
√
c
ω1e0 + ω1e1 + ω e2,
de1 = −ω1e0 + i(1−2b
2c)
b
√
c
ω1e1 + ib
√
cω e2 + λ3ω e3,
(4.16)
where λ3 =
√
1− 3b2c ≥ 0. Moreover, ∇⊥ξ0 = 0 if and only if λ3 = 0.
Proof. From the proof of Proposition 4.1, regardless of ∇⊥ξ0 = 0 or ∇⊥ξ0 6= 0, we
can always choose a unitary frame {e0, eA} such that ϕ = [e0] and (4.14) holds.
Proposition 4.1 shows that c112 = c
1
13 = c
2
21 = 0 and c
2
31 = c
3
12, which implies
that {ωi} is a normalized frame. Next, following the proof of Corollary 4.1, we
may assume c123 < 0. Then, by Proposition 2.1, we see that c := c
1
23c
2
31/4 and
b := −c123/(2
√
c) are positive real numbers, and so that we have (4.15).
Now, (3.16) and the first equation of (3.19) become
ω23 = (c
1
23 + a)ω1, θ12 = −σ = ib
√
cω, dω1 = ib
√
cω ∧ ω¯. (4.17)
It follows that, by (3.33) and that d is an isomorphism, ρ0 =
1
b
√
c
ω1. Hence, by
(4.2), we have ρ1 = ρ0 + c
1
23ω1 =
1−2b2c
b
√
c
ω1.
From (4.14), (4.17) and the above, we can use the first equation of (3.36) to
conclude that λ23 = 1 − 3b2c. Finally, the assertion that ∇⊥ξ0 = 0 is equivalent to
λ3 = 0 follows from (4.16) and (3.32). 
If n = 2, then by definition ∇⊥ξ0 = 0 is trivially satisfied. Moreover, case (ii)
in Corollary 4.1 can be looked as a special case of Lemma 4.2 with c = 4/3, b = 12
and λ3 = 0. In summary, we have the following result.
Theorem 4.1. Let ϕ : S3 → CPn be an equivariant CR minimal immersion with
full dimension n. Then ϕ has to be in one of the following three cases:
(1) n = 2 and ϕ(S3) is not a Berger sphere case;
(2) n ≥ 2 and ϕ(S3) is a Berger sphere with ∇⊥ξ0 = 0;
(3) n ≥ 3 and ϕ(S3) is a Berger sphere with ∇⊥ξ0 6= 0.
Remark 4.1. In Theorem 4 of [11], Kim and Ryan proved that the only compact
pseudo-Einstein hypersurfaces in CP 2 are the geodesic spheres. We would point
out that these geodesic spheres are Berger spheres of CR type (see, e.g., pp. 95-96
of [6]), and some of them are minimal depending on their radii.
5. Existence of equivariant CR minimal immersions
In this section we show that all the three cases in Theorem 4.1 do exist. Indeed,
for each case the equivariant CR minimal immersions can be expressed explicitly
in the form of polynomials. As the round sphere is a special Berger sphere, our
results extend that of [12] we have mentioned in the introduction.
Let {X ′i} be the basis of su(2) defined by (2.5), and set Z ′ = X ′2 + iX ′3. Then
X ′1 = i
(
z ∂∂z + w
∂
∂w − z¯ ∂∂z¯ − w¯ ∂∂w¯
)
, Z ′ = −w¯ ∂∂z + z¯ ∂∂w . (5.1)
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Let {ε0, ε1, . . . , εn} be the natural basis of Cn+1 and Cnα = n!/[α!(n−α)!] be the
binomial coefficients. Define a Cn+1-valued function
f = f(z, w) :=
n∑
α=0
√
Cnα z
n−αwα, (z, w) ∈ S3,
and then set
f0 := f, f−1 = fn+1 := 0, fα := 1
α!
√
Cnα
Z ′αf, α = 1, . . . , n.
Applying Lemma 3.1 of [12] and the proof of Lemma 3.3 in [12], we have the
following lemma, where {ω′i} is the dual frame of {X ′i} and ω′ = ω′2 + iω′3.
Lemma 5.1. For n ≥ 2, {f0, f1, . . . , fn} is a unitary frame of Cn+1. Moreover,
dfα = −
√
α(n+ 1− α)ω¯′fα−1 + i(n− 2α)ω′1fα +
√
(α+ 1)(n− α)ω′fα+1, (5.2)
for α = 0, 1, . . . , n.
5.1. Existence of equivariant CR minimal non-Berger sphere.
Define
f0 = (z
2,
√
2zw,w2), f1 = (−
√
2zw¯, zz¯ − ww¯,
√
2wz¯), f2 = (w¯
2,−
√
2z¯w¯, z¯2).
By Lemma 5.1, {f0, f1, f2} is a unitary frame of C3. Moreover, it holds that
df0 = 2iω
′
1f0+
√
2ω′f1, df1 = −
√
2ω¯′f0+
√
2ω′f2, df2 = −
√
2ω¯′f1− 2iω′1f2. (5.3)
Now, we define e0 : S
3 → C3 by
e0 = cos
π
8 f0 + i sin
π
8 f2 = cos
π
8 (z
2,
√
2zw,w2) + i sin π8 (w¯
2,−
√
2z¯w¯, z¯2). (5.4)
Proposition 5.1. The C3-valued function e0, given by (5.4), defines an equivariant
CR minimal immersion ϕ = [e0] : S
3 → CP 2, which is not a Berger sphere.
Proof. Let t = π/8 and that
e1 = i sin tf0 + cos tf2, e2 = e
−itf1. (5.5)
Then, by virtue of Lemma 5.1, {e0, e1, e2} is a unitary frame of C3. Solving (5.4)
and (5.5), we get
f0 = cos t e0 − i sin t e1, f1 = eite2, f2 = −i sin t e0 + cos t e1.
Using (5.3) – (5.5), and noting that
√
2e2it = 1 + i, we have
de0 = i ω1e0 + ω1e1 + ωe2,
de1 = −ω1e0 − iω1e1 − (ω2 + 2ω3 − iω3)e2,
de2 = − ω¯ e0 + (ω2 + 2ω3 + iω3)e1,
(5.6)
where ω1 =
√
2ω′1, ω2 =
√
2ω′2 − ω′3, ω3 = ω′3, ω = ω2 + iω3.
Then, by Proposition 4.2 of [12] we see that ϕ is an equivariant immersion, with
induced metric ds2 =
∑
ω2i and an orthonormal frame {ωi}.
From (5.6) we know that −ϕ∗Ω = i2ω ∧ ω¯ = ω2 ∧ ω3. Thus, ϕ is of CR type.
Comparing (3.7) with (5.6), and noting that ω12 + iω13 = σ = −θ12, we have
ρ0 = ω1 = −ρ1, ω12 = ω2 + 2ω3, ω13 = −ω3.
From the above equations and (4.1) we see that ϕ is minimal.
Finally, as ω ∧ σ = √2e2itω ∧ ω¯ 6= 0, by (3.16), (3.17) and Proposition 3.1, we
see that (S3, ds2) is not a Berger sphere.
Moreover, from (5.6) and Proposition 3.2 (ii), it is easily seen that ϕ(S3) is
totally geodesic with respect to W2. 
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5.2. Existence of equivariant CR minimal Berger sphere.
In this subsection, we agree with the following range of indices
α, β, . . . = 0, 1, . . . , k; α′, β′, . . . = 0, 1, . . . , ℓ,
whereas the indices A,B, i, j having the convention as before.
Let k, ℓ be two integers with k > ℓ ≥ 0. Suppose {ε0, . . . , εk, ε′0, . . . , ε′ℓ} is the
natural basis of Cn+1 = Ck+1 ⊕ Cℓ+1 with n = k + ℓ+ 1 and ε′α′ = εk+1+α′ .
Define two functions f : S3 → Cn+1 and h : S3 → Cn+1 by
f(z, w) =
∑√
Ckαz
k−αwαεα, h(z, w) =
∑√
Cℓα′z
ℓ−α′wα
′
ε′α′ .
According to Lemma 5.1, {f0, f1, . . . , fk, h0, . . . , hℓ} is a unitary frame of Cn+1.
For t ∈ (0, π/2), we define a Cn+1-valued function e0 by
e0 := e0(t) = cos t f0 + i sin t h0. (5.7)
Proposition 5.2. For each t ∈ (0, π/2), the function e0, given by (5.7), defines
an equivariant CR immersion ϕ = [e0] : S
3 → CPn with the following properties:
(i) (S3, ds2) is a Berger sphere;
(ii) ∇⊥ξ0 = 0 if and only if ℓ = 0;
(iii) ϕ is minimal if and only if t satisfies that
tan2 t = 2k/
[
3(k − ℓ) +
√
(k + ℓ)2 + 8(k − ℓ)2]. (5.8)
Proof. There is a unique t1 ∈ [0, π/2) such that
cos t1 =
√
k cos t√
k cos2 t+ℓ sin2 t
, sin t1 =
√
ℓ sin t√
k cos2 t+ℓ sin2 t
. (5.9)
Now we put
e1 = i sin tf0 + cos th0, e2 = cos t1f1 + i sin t1h1,
e3 = i sin t1f1 + cos t1h1, e4 = f2, e5 = h2,
e6 = f3, . . . , ek+3 = fk, ek+4 = h3, . . . , en = hℓ.
(5.10)
Then {e0, eA} is a unitary frame of Cn+1 due to that {fα, hα′} is unitary.
From similar expressions as (5.2) we can see that 〈dfα, f¯β〉, 〈dhα′ , h¯β′〉 are all left-
invariant one-forms, and that 〈dfα, h¯α′〉 = 〈dhα′ , f¯α〉 = 0. It follows that 〈de0, e¯0〉,
〈de0, e¯A〉, 〈deA, e¯B〉 ∈ su(2)∗ ⊗ C. Hence ϕ is equivariant.
From (5.7) and (5.10), with the use of (5.2) and (5.9), we can easily verify that
de0 = cos t df0 + i sin t dh0 = ia
′
0ω
′
1e0 +m sin 2t ω
′
1e1 +
√
a′0 ω
′e2, (5.11)
where
a′0 = k cos
2 t+ ℓ sin2 t > 0, m = 12 (k − ℓ) > 0. (5.12)
From (5.11), we see that ϕ is an immersion with the induce metric
ds2 = m2 sin2 2t ω′21 + a
′
0(ω
′2
2 + ω
′2
3 ). (5.13)
Obviously, ds2 is a Berger metric with c = 1/a′0 and b = m
√
c sin 2t in (2.17).
Let {ωi} be an orthonormal frame with respect to ds2, where ω1 = m sin 2t ω′1,
ω = ω2 + iω3 =
√
a′0 ω
′. Then (5.11) can be rewritten as
de0 = iρ0e0 + ω1e1 + ω e2, ρ0 =
k cos2 t+ℓ sin2 t
m sin 2t ω1. (5.14)
It follows that −ϕ∗Ω = (i/2)ω ∧ ω¯ = ω2 ∧ ω3. Thus ϕ is of CR type.
Similarly, using (5.2), (5.9) and de1 = i sin t df0 + cos t dh0, we can verify that
de1 = −ω1e0 + iρ1e1 + im sin 2tk cos2 t+ℓ sin2 t ω e2 + λ3ω e3, (5.15)
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where
ρ1 =
k sin2 t+ℓ cos2 t
m sin 2t ω1, λ3 =
√
kℓ
k cos2 t+ℓ sin2 t . (5.16)
Then, Proposition 3.2 shows that ∇⊥ξ0 = 0 if and only if ℓ = 0.
Finally, we have the calculation
de2 = −ω¯ e0 + im sin 2tk sin2 t+ℓ cos2 t ω¯ e1 + i(k sin2 t1 + ℓ cos2 t1 − 2)ω′1e2
+ λ3ω1e3 + µ4ω e4 + iµ5ω e5,
(5.17)
where µ4 =
√
2k(k − 1)/a′0, µ5 =
√
2ℓ(ℓ− 1)/a′0 (Note: µ5 = 0 if ℓ = 0).
From (5.15) and (5.17) we see that the second equation in (4.1) is satisfied. By
using (5.14), (5.15) and (5.16), we get
ρ1 − ρ0 = −2 cot 2t ω1, ω12 + iω13 = −θ12 = m sin 2tk cos2 t+ℓ sin2 t (ω3 − iω2).
Therefore, by (4.1), ϕ is minimal if and only if
cot 2t = m sin 2tk cos2 t+ℓ sin2 t =
2m sin 2t
(n−1)+2m cos 2t . (5.18)
This leads to
cos 2t = [
√
(n− 1)2 + 32m2 − (n− 1)]/(8m). (5.19)
Then, noting that k − ℓ = 2m and k + ℓ = n− 1, we can easily get (5.8).
We have completed the proof of Proposition 5.2. 
In the special case that ℓ = 0 and k = n− 1, by (5.8) we have t = π/6 and (5.7)
becomes
e0 =
√
3
2
∑√
Cn−1α zn−1−αwαεα + i2εn. (5.20)
From Proposition 5.2 and its proof we have the following
Corollary 5.1. The function e0, given by (5.20), defines an equivariant CR mini-
mal immersion ϕ = [e0] : S
3 → CPn, which induces a Berger metric ds2. Moreover,
it satisfies ∇⊥ξ0 = 0.
Remark 5.1. (a) The particular case e0 =
√
3
2 (z, w, 0)+
i
2 (0, 0, 1), which corresponds
to n = 2 and t = π/6, is exactly the case (ii) of Corollary 4.1.
(b) From (5.13) one can see that the induced metric has constant curvature c if
and only if 1c = m
2 sin2 2t = k cos2 t + ℓ sin2 t = n−12 +m cos 2t. This, by (5.18),
is equivalent to cot 2t =
√
c. If it does occur, then m cos 2t = 1, n = 2m2 − 3 and
c = 1/(m2 − 1) for some m ≥ 2. We then recover Theorem 6.1 in [12].
(c) The function e0 = e0(t) in (5.7) depends on the parameter t. For a fixed pair
k, ℓ with k > ℓ ≥ 0 there is a family of equivariant CR immersion {ϕt = [e0(t)] |t ∈
(0, π/2)}. Each of them induces a Berger metric. However, among them only one
is minimal by (5.8). Moreover, for fixed n ≥ 2 there are [n/2] such families, given
by ℓ = 0, . . . , [n/2]− 1. Here, [n/2] denotes the largest integer not exceeding n/2.
6. Uniqueness of equivariant CR minimal immersions
Recall that two immersions ψ1, ψ2 : S
3 → CPn are said to be equivalent, denoted
by ψ1 ∼ ψ2, if there exists a holomorphic isometry A : CPn → CPn such that
ψ1 = A ◦ ψ2.
For simplicity, we denote by ϕ1, ϕ2, ϕ3 the three equivariant CR minimal im-
mersions determined by (5.4), (5.20), (5.7) with the additional conditions (5.8) and
ℓ > 0, respectively. Let X ′1, Z
′ be the differential operators as defined by (5.1).
First of all, we introduce Lemma 3.3 in [12] as below.
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Lemma 6.1 ([12]). Let f be a Cn+1-valued function defined on S3. If it satisfies
〈f, f¯〉 = 1, Z¯ ′f = 0, X ′1f = isf , then s is a nonnegative integer with s ≤ n.
Moreover, there is a unitary basis {ε0, . . . , εs, εs+1, . . . , εn} of Cn+1 such that
f(z, w) =
s∑
α=0
√
Csαz
s−αwαεα, (z, w) ∈ S3.
Next, we will prove two uniqueness theorems based on preceding Theorem 4.1.
For that purpose, in sequel we assume that ϕ : S3 → CPn is an equivariant CR
minimal immersion with full dimension n.
Theorem 6.1. If ϕ(S3) is not a Berger sphere, then up to an inner automorphism
of SU(2) we have ϕ ∼ ϕ1 = [e0], where e0 is defined by (5.4).
Proof. According to Proposition ??, we have n = 2. Moreover, by Corollary 4.1
(i), we have a unitary frame {e0, e1, e2} of C3 such that ϕ = [e0] and
de0 = iω1e0 + ω1e1 + ωe2,
de1 = −ω1e0 − iω1e1 + (iω +
√
2ω¯)e2,
de2 = −ω¯e0 − (
√
2ω − iω¯)e1.
(6.1)
Now, we take another unitary frame {e˜0, e˜1, e˜2} of C3 by
e˜0 = cos
π
8 e0 − i sin π8 e1, e˜1 = −i sin π8 e0 + cos π8 e1, e˜2 = e2, (6.2)
or, equivalently,
e0 = cos
π
8 e˜0 + i sin
π
8 e˜1, e1 = i sin
π
8 e˜0 + cos
π
8 e˜1, e2 = e˜2. (6.3)
By setting ω′1 =
1√
2
ω1, ω
′ = ω′2 + iω
′
3 = cos
π
8ω − i sin π8 ω¯, or equivalently,
ω′1 =
1√
2
ω1, ω
′
2 = cos
π
8 ω2 − sin π8 ω3, ω′3 = − sin π8 ω2 + cos π8 ω3,
then, using that cos π8 + sin
π
8 =
√
2 cos π8 and cos
π
8 − sin π8 =
√
2 sin π8 , we obtain
2ω′1 ∧ ω′2 ∧ ω′3 = ω1 ∧ ω2 ∧ ω3. This shows that {ω′1, ω′2, ω′3} is a basis of su(2)∗.
Next, direct calculations show that
de˜0 = 2iω
′
1e˜0 +
√
2ω′e˜2,
de˜1 = − 2iω′1e˜1 −
√
2ω¯′e˜2,
de˜2 = −
√
2ω¯′e˜0 +
√
2ω′e˜1.
(6.4)
On the other hand, exterior differentiations of (6.3) give that dω′1 = iω
′ ∧ ω¯′,
dω′ = 2iω′1 ∧ω′. Hence {ω′i} satisfies (2.3). By Lemmas 2.1 and 2.2, up to an inner
automorphism of SU(2) we may assume that the dual frame {X ′i} of {ω′i} is defined
by (2.5), or equivalently by (5.1). Then we have
Z¯ ′e˜0 = 0, X ′1e˜0 = 2ie˜0, Z
′e˜0 =
√
2e˜2, Z
′e˜2 =
√
2e˜1. (6.5)
Using Lemma 6.1 we then have
e˜0 = z
2ε0 +
√
2zwε1 + w
2ε2, (z, w) ∈ S3,
where {ε0, ε1, ε2} is a unitary basis of C3. By re-choosing a basis of C3, or equiva-
lently by a holomorphic isometry A : C3 → C3, we may set
e˜0 =
(
z2,
√
2zw,w2
)
.
Then, by (6.5), we have
e˜2 =
1√
2
Z ′e˜0 = (−
√
2zw¯, zz¯ − ww¯,
√
2wz¯), e˜1 =
1√
2
Z ′e˜2 = (w¯2,−
√
2z¯w¯, z¯2).
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It follows from (6.3) that
e0 = cos
π
8 (z
2,
√
2zw,w2) + i sin π8 (w¯
2,−
√
2z¯w¯, z¯2).
This completes the proof of Theorem 6.1. 
Theorem 6.2. If ϕ(S3) is a Berger sphere with ∇⊥ξ0 = 0 (resp. with ∇⊥ξ0 6= 0),
then, up to an inner automorphism of SU(2), we have ϕ ∼ ϕ2 = [e0] and e0 is
defined by (5.20) ( resp. ϕ ∼ ϕ3 = [e0] and e0 is defined by (5.7) and (5.8) with
some ℓ > 0).
Proof. Since ϕ(S3) is a Berger sphere, according to Corollary 4.1 (ii) and Lemma
4.2, regardless of n = 2 or n ≥ 3, we have a normalized frame {ωi} and a unitary
frame {e0, eA} such that ϕ = [e0] and
dω1 = 2b
√
cω2 ∧ ω3, dω2 = 2
√
c
b ω3 ∧ ω1, dω3 = 2
√
c
b ω1 ∧ ω2; (6.6) de0 =
i
b
√
c
ω1e0 + ω1e1 + ω e2,
de1 =− ω1e0 + i(1−2b
2c)
b
√
c
ω1e1 + ib
√
cω e2 + λ3ω e3,
(6.7)
where b, c are positive real numbers with b = 12 , c =
4
3 if n = 2; λ3 =
√
1− 3b2c ≥ 0
and that λ3 = 0 if and only if ∇⊥ξ0 = 0.
If we set
ω′1 =
√
c
b ω1, ω
′
2 =
√
c ω2, ω
′
3 =
√
c ω3, (6.8)
then {ω′i} is a basis of su(2)∗. Using (6.6) we see that {ω′i} satisfy (2.3). As before,
up to an inner automorphism of SU(2), we may assume that the dual frame {X ′i}
of {ω′i} is defined by (5.1).
From (6.7) and (6.8) we get de0 =
i
cω
′
1e0 +
b√
c
ω′1e1 +
1√
c
ω′e2,
de1 =− b√cω′1e0 +
i(1−2b2c)
c ω
′
1e1 + ibω
′e2 + λ3√c ω
′e3,
(6.9)
where ω′ = ω′2 + iω
′
3. Hence we have
Z¯ ′e0 = 0, Z¯ ′e1 = 0, (6.10)
X ′1e0 = ic
−1e0 + bc−1/2e1, X ′1e1 = bc
−1/2e0 + i(c−1 − 2b2)e1. (6.11)
Let V be the subbundle of Cn+1 spanned by {e0, e1}. Then (6.11) defines an
endomorphism X1 : V → V . It is skew-Hermitian, and therefore has two imaginary
eigenvalues ik, iℓ such that
k = c−1 − b2 + b
√
c−1 + b2, ℓ = c−1 − b2 − b
√
c−1 + b2. (6.12)
Since k > c−1 > 0 and kℓ = c−2(1− 3b2c) ≥ 0, we see that k > ℓ ≥ 0, and ℓ = 0
if and only if λ3 = 0, or equivalently, ∇⊥ξ0 = 0.
It is well known that there is a unitary frame {f, h} of V such that
X ′1f = ik f, X
′
1h = iℓ h. (6.13)
Since by theory of linear algebra (X ′1 − ik I)(X ′1 − iℓ I) = 0, and, by (6.11) and
(6.12), we have
(X ′1 − iℓ I)e0 = ib[(b+
√
c−1 + b2)e0 − ic−1/2e1],
(X ′1 − ik I)e0 = b[−i(
√
c−1 + b2 − b)e0 + c−1/2e1].
We may choose {f, h} such that
f = cos t e0 − i sin t e1, h = −i sin t e0 + cos t e1, (6.14)
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where t ∈ (0, π/2) is determined by
tan t = c−1/2/(b+
√
c−1 + b2) =
√
1 + b2c− b√c. (6.15)
Then, |f | = |h| = 1, 〈f, h¯〉 = 0. Moreover, by (6.10) and (6.13), we get
Z¯ ′f = Z¯ ′h = 0, X ′1f = ikf, X
′
1h = iℓh.
Since n is the full dimension, applying Lemma 6.1 we see that k, ℓ are integers with
k > ℓ ≥ 0 and k+ℓ = n−1. Moreover, there is a unitary basis {ε0, . . . , εk, ε′0, . . . , ε′ℓ}
of Cn+1 such that
f =
k∑
α=0
√
Ckα z
k−αwαεα, h =
ℓ∑
α′=0
√
Cℓα′ z
ℓ−α′wα
′
ε′α′ .
Thus, by (6.14), we can solve e0 to obtain that
e0 = cos t
k∑
α=0
√
Ckαz
k−αwαεα + i sin t
ℓ∑
α′=0
√
Cℓα′z
ℓ−α′wα
′
ε′α′ . (6.16)
If ∇⊥ξ0 = 0, then λ3 = 0 and thus b = 1/
√
3c. Hence ℓ = 0, t = π/6. Then
ϕ ∼ ϕ2, due to that (6.16) differs from (5.20) by a holomorphic isometry of Cn+1.
If ∇⊥ξ0 6= 0, then, by (6.12), k > ℓ > 0. Since ϕ is minimal, according to (c) of
Remark 5.1, the parameter t determined by (6.15) has to be that one determined
by (5.8). Then, using (6.12) and (6.15), one gets
(2k)/[3(k − ℓ) +
√
(k + ℓ)2 + 8(k − ℓ)2] = 1 + 2b2c− 2bc
√
c−1 + b2 = tan2 t.
Now, by comparing (6.16) with (5.7), we come to the conclusion ϕ ∼ ϕ3. 
Completion of proof of Theorem 1.1.
Let ϕ : S3 → CPn (n ≥ 2) be a linearly full equivariant CR minimal immersion
with induced metric ds2. If (S3, ds2) is not a Berger sphere, then according to
Theorem 6.1, we get the assertion (1). If on the other hand (S3, ds2) is a Berger
sphere, then Theorem 6.2 shows that for both cases of ∇⊥ξ0 = 0 and ∇⊥ξ0 6= 0,
the expression of ϕ assume the form as stated in the assertion (2), where ∇⊥ξ0 = 0
corresponds to ℓ = 0, and ∇⊥ξ0 6= 0 corresponds to an integer ℓ > 0. 
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